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From the President...
DON SCHEUER

PRESIDENT, PCTM
Welcome to the last year of the twentieth century! Yes, I know - I’m

one of only a few purists who still hold on to the fact that 2000 is really
the end of the twentieth and not the beginning of the twenty-first. But if
we in the realm of mathematics shouldn’t stick to this conviction, who should?

I’ve been reading many articles dealing with the phenomenon of 2000 and some interesting
tidbits have been shared by some historians and astronomers. One such curiosity has to do
with the stellar anomaly referred to by certain clerics as the “star in the east.” Apparently,
some scholars of the heavens believe that this ancient sight  was actually not a star, but the
confluence of positions of certain planets, including Jupiter. Furthermore, it is believed by
these scholars that this had to have happened in the year 6 B.C. This, of course, means that we
entered the new millennium in 1996! Missed that party!

Whatever the truth may be, here we are in 2000 looking forward to PCTM’s celebration,
the Annual Meeting in Harrisburg on March 23-25. This wonderful professional growth
opportunity will offer over 200 sessions and workshops, with something for everyone. You’ll
have the chance to hear presentations on assessment, state and national standards and a wealth
of other topics. Plan to attend and come with a prospective new member of PCTM.

Soon after PCTM’s conference, thousands of math educators will assemble in Chicago in
April to attend the respective annual conferences of the National Council of Supervisors of
Mathematics and the National Council of Teachers of Mathematics. This gathering will be
highlighted by the release of the Standards 2000, a document which will serve as the basis for
much professional discussion and sharing in the years to come.

Enjoy the rest of the winter and we’ll see you in Harrisburg!

Don Scheuer,
President, PCTM
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A Grading Paradox
BY JERRY W. BRADFORD

COLLEGE MISERICORDIA

Sometimes as teachers we get so caught up in the grading
of mathematics that we don’t stop and consider the
mathematics of grading.  In this paper a well-known

statistical paradox is examined in the context of grading.
This is useful in a two-fold manner for us as educators.  On
the one hand, it gives a context of inherent interest to students
in which to explore a simple but interesting mathematical
topic.  On the other hand, it brings up some issues involved
in grading and in particular, the mathematical limitations of
grading.  This paper begins with a story:

Once upon a time there were two friends Xavier and
Yoruba, both of whom were taking a geometry course.
Xavier was taking the course from Ms. Adams and Yoruba
from Mr. Evans.  Now the course consisted of two
components - synthetic geometry and analytic geometry.  The
grade for the course would only be based on two tests - one
for each component.  Both teachers followed the school’s
common grading scale, say:

90% is the minimum  A
80% is the minimum  B
70% is the minimum  C
60% is the minimum  D

After each test Xavier and Yoruba played the student game
“Wadja get?” based on the percentage they got correct on
each component of the course.

Xavier: “I figure I got an A on the synthetic geometry
test.”

Yoruba: “I only got a B on that one.”
Xavier: “Well, I didn’t do as well on the analytic

geometry test.  I only got a C.”
Yoruba: “You still did better than me again. I only got

a D on the analytic geometry test. That means you
scored a whole letter grade better than I did on
both components of the course.  I guess we know
how our report cards will turn out for geometry.”

Imagine the surprise of the two friends when the order of
results for the course was the opposite of what was expected
- Yoruba got a B in the course while Xavier got only a C.
Xavier, though better on both components is worse in the
course!  This is in spite of the fact that the course consists of
only these two components.  How can this happen?  Has a
computational error occurred?

This little story is an example of Simpson’s paradox (a
well-known statistical result) applied to grading.  The
paradox exists at the ordinal level at which grades occur, but
resolves itself when more precise attention is paid to the
numerical results behind the grades.  Consider the raw
numerical data:

Now we see how the paradox has arisen.  The two teachers
seem to differ in terms of the relative importance of the two
components of the course.  In Ms. Adams course 80% of the
test items in the course were on Analytic Geometry, whereas,
in Mr. Evans course 80% of the items were on Synthetic
Geometry.  The overall average for the course is thus a
weighted average.  While the paradox remains at the ordinal
level of grades, at the numerical level there is no paradox.

We now give sufficient conditions for the existence of
this paradox to occur.  (In what follows, we do not actually
require grade reversal, merely the reversal of the order of
the students based on percentage correct.  Actual grade
reversal depends upon the grading scale used.)  Suppose that
a course consists of two components.  We construct
contingency tables similar to those above.  These tables are
shown next.

(continued on next page)
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Now the paradox occurs whenever

p > q and r > s but p+nr < s+nq

Or equivalently, p > q and r > s and p-s < n(q-r).

So if we choose p > q > r > s and n > (p-s)/(q-r), then the
paradox will be assured.  In the above example, we have .95
> .85 > .75 > .65 and 4 > (.95-.65)/(.85-.75)

This paper closes with some questions for thought:

•  What would be an example of Simpson’s paradox using
your own grading scale?

•  Replace “Component I” with “Males with the Disease”,
“Component II” with “Females with the Disease”, “Course”
with “People with the Disease”, “Xavier” by “Medicine X”,
“Yoruba” by “Medicine Y”, and Number/Proportion correct
with Number/Proportion cured.  Now we have the paradox
as Medicine X is better than Y for both males and females
(in terms of cure rate), but Y is better than X for humans!
Discuss.

•  It was the students Xavier and Yoruba who decided to
interpret the course grading scale at the level of each
component.  Many instructors wisely decide not to formally
“grade” individual components of a course or some qualify
such a grade in relative terms such as “If your grade were
based only on this exam, ....”  How do you deal with this in
your own classroom?

References:
Simpson, E.H.  “The Interpretation of Interaction in

Contingency Tables,” Journal of the Royal Statistical Society,
Series B, XIII, 2 (1951) 238-41.

Blyth, Colin R.  “On Simpson’s Paradox and the Sure-
Thing Principle,” Journal of the American Statistical
Association, LXVII, 338 (June 1972) 364-366.

PCTM has a new home on
the World Wide Web!
Now with all the same features plus some new
ones and a new look, the PCTM Web site also
has a new address:

www.PCTM.org
Stop in and check out up to date information on
the PCTM Annual Conference, Inservice
Opportunities, an electronic version of the
PCTM Magazine, a new Math Links section,
and more.

Stop in and check us out on the Web!
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Exponential Curves and the Third Millennium
BY CRAIG B. MEROW

GERMANTOWN ACADEMY

The fate of Homo sapiens in the third millennium
will depend on the parameters of two exponential
functions: the first representing the growth of human

knowledge, and the second, the growth of man’s impact
on the life-support systems of spaceship Earth.  The
following riddles illustrate the nature of exponential
growth.

A French Riddle
A nobleman occupied his time raising water lilies

and exotic fish.  While preparing to depart on a long
trip he cautioned his gardener to keep an eye on his
favorite pond.  “The pond contains lilies that double in
area each day.  If left untended they will cover the entire
pond in 30 days and cut off the exchange of gases with
the atmosphere that my fish require.”  The gardener
carefully watched the pond for days, but observed little
growth.  He decided to wait until the pond was half
covered before cutting back the lilies.  On what day did
that occur?

A Persian Riddle
A king took a fancy to a beautiful chessboard

displayed by a visiting craftsman.  “What will you take
in payment for your chessboard?”  the king asked.  “One
grain of rice for the first square, 2 for the second, 4 for
the third, and so on,”  replied the craftsman.  “Agreed,”
shouted the king, always happy to get a bargain.  How
much did the king pay for the 20th square?  The 40th
square?  The 60th square?

Mathematicians are often uncomfortable around
anything behaving exponentially.  The numbers seem
to explode, like the price of the 60th square in the Persian
riddle.  And, it is easy to be taken by surprise:  What
would happen if the French gardener, after checking
the the pond and finding it only 1/4 covered, decided to
spend a few days visiting a friend?  After all, it took 28

days to cover 1/4 of the pond, what difference could a
few days make?

At a recent assembly at Germantown Academy, Dr.
Jerry King, a research mathematician and author of The
Art of Mathematics, remarked that more mathematics
has been created in his lifetime than in the rest of
recorded history.  Stanislaw Ulam, a mathematician
whose work led to the hydrogen bomb, estimated in
1976 that 200,000 new theorems are proved each year.
The numbers are getting large and growing
exponentially.

The growth of knowledge in the sciences is following
a similar curve.  Chaos theory, genetic engineering, and
advances in microelectronics and laser technology are
just a few examples of disciplines experiencing
exponential growth.  It is exciting to think of the life
we can fashion for ourselves in the next millennium
based on this explosion of understanding.

But before we make plans to retire in a world where
robots do all the work and human ingenuity has provided
the means for an abundance for all, we must recognize
that as our understanding grows, so does our impact on
the planet.  The loss of topsoil, the depletion of
nonrenewable resources, changes in the chemical
composition of the atmosphere, and the extinction of
species are all following exponential paths.

Which curve will determine the quality of life in the
next millennium: our growing technological knowledge
or our growing impact on the planet?  Are you a
technological optimist or an ecological pessimist?  Will
we learn how to dispose of our waste and how to capture
the sun’s energy before we choke on our own exhaust?
If, as many scientists believe, we are on the “29th day,”
we will not have to wait until the year 3000 to find out!
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The Problem Poser
BY DON SCHEUER

ABINGTON JUNIOR HIGH SCHOOL

A Number Quiz
Numbers, numbers, numbers. Some of the most interesting and, indeed, amazing collections of facts

revolve around numbers. Recently, I received a small collection of these facts via the Internet and I
thought I would share them with you in the form of a matching test which you can then use with your

students.

1. Number of letters in the Hawaiian alphabet

2. Percent of Africa that is wilderness

3. Percent of North America that is wilderness

4. Number of dollars needed to raise a medium size
dog for 11 years.

5. Average number of people airborne over the U.S.
in any given hour

6. Age of the youngest Pope in history

7. Number of people who signed the Declaration of
Independence on July 4, 1776

8. Number of inches the Queen Elizabeth II moves
for every gallon of fuel it burns

9. Number of miles within their birthplace which
half of all Americans live

10. Number to which you must count before you
encounter a number name which contains the
letter “A”

a. 6

b. 50

c. 28

d. 61,000

e. 38

f. 11

g. 6400

h. 12

i. 1000

j. 2

Enjoy this little Y2K quiz! To get the answers, e-mail me at DonaldS290@aol.com.

“Good Ideas in Teaching Precalculus and...” Conference
The Center for Mathematics, Science and Computer Education will conduct its thirteenth annual “Good Ideas in Teaching
Precalculus and ...” conference on Friday, March 17, 2000 from 8:30 a.m. to 3:30 p.m. on the Busch Campus of Rutgers
University, New Brunswick. The conference registration fee, which includes lunch, is $60. The conference is open to all high
school and college instructors. The conference provides opportunities for participants to learn about their colleagues’ “good ideas”
and to share their own. At each of six sessions, participants will be able to choose one of eight activities, including presentations,
idea exchanges, and software and textbook sharing sessions all dealing with precalculus, probability and statistics, and discrete
mathematics. If you are interested in speaking at the conference, please contact us immediately. For further information, contact
Bonnie Katz at 732-445-4065 or write to Precalculus Conference, P.O. Box 10867, New Brunswick, New Jersey 08906.
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College Mathematics Corner
BY MARY ANN MATRAS

EAST STROUDSBURG UNIVERSITY

Advice to Our Friends in High School

Home For The Holidays   When Laura was home
from college, her younger sister Beth was
complaining about her math class and exclaimed,

“Next year I’ll be a senior and I won’t have to take
math!”  Beth thought about her friends and some of
their experiences in various colleges and said, “Sis,
that’s not a good idea.  You should take math in your
senior year.”

“Why?  Give me one good reason.”  Beth replied.
“I want a year off.”

“I’ll give you more than one.  I’ll give you ten.  Give
me time to make a list.”

With A Little Help From My Friends  Laura began
making her list and found the first few quite easy.  When
she got stuck, she began asking her friends—at parties
and on the phone—and she ended up with quite a
collection of stories.  Everyone seemed to have ideas
and experiences related to math.  Laura then took all
those stories and made a list for Beth.

Top Ten Reasons to Take Math
in Your Senior Year of High School
10. Many colleges give a math placement test that

determines which college math course you begin
with. Remembering your high school math can help
you place well and avoid remedial classes.

9. Colleges like students with a solid math background.
Taking more (and harder) mathematics in high school
can increase your chances of getting into a college
you want.

8. Lower level college mathematics courses may be
taught in very large lecture sections.  These can be
impersonal and intimidating (and can sometimes be
avoided by doing very well in that placement test..see
number 10)

7. If you take an AP course and do well on the AP exam,
you can skip a course in college.

6. High school mathematics teachers can be more
supportive and accessible than college professors.
Getting help in high school might be easier.

5. College mathematics courses are very fast paced.  The
better background that you bring from high school,
the better able you will be to keep up with the pace.

4. Math courses are often prerequisites for courses in
your major.  If you aren’t well prepared in math,
you may have to delay taking major courses.

3. If you must take a remedial mathematics course, you
will not receive college credit for it.  This can slow
down your program, delay your graduation and
wreck havoc with your financial aid.

2. Low grades in math courses will effect your college
grade point average.

1. Math is cool; keep doing it all through high school!

Beth’s Response  “That last one is really corny.”  was
Beth’s first response to the Top Ten List.  “And you’ll
never get this list on Letterman.”

“Yes, it’s corny but it’s true.  It is also true that
planning now can make a big difference in what happens
when you go to college.  Take some friendly advice
and take math next year.”

Northeastern Pa. Council of Teachers of Math (NPCTM) News
The NPCTM Fall Meeting on October 28, 1999 may have been the most successful ever as approximately 150 members

gathered at St. Mary’s Center in Scranton.  Dr. Sandra Fluck spoke on developing algebraic thinking, and David Reese spoke about
the PSSA. The social hour was sponsored by Sales Representative Joe Herkalo and Scott Foresman Publishing.

Program Co-chairs Gen Battisto and Barbara Cozza have set plans in motion for the NPCTM Spring 2000 meeting, to be held
on April 26, 2000 at the University of Scranton. Jim Rubillo will be the speaker, and give an overview of Standards 2000. Members
will receive flyers for registration for the Spring Meeting and are urged to return them quickly.  For more information, call Gen
Battisto at (570) 839-7152 or Barb Cozza at the University of Scranton at (570) 941-4215 or e-mail cozzab2@uofs.edu.
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Fuzzy Winnings
BY JAMES L. SIEBER

SHIPPENSBURG UNIVERSITY OF PENNSYLVANIA

Lotteries sponsored by  state or national governments as
well as private lotteries have become very popular in
recent years. If a person, who has won a million dollar

lottery, is asked “Did you win?” They can answer a clear
yes or no. That answer relates to the usual yes or no, true or
false, or success or failure of the mathematics of logic or
probability. A logical statement has only truth values of true
or false. Their answer might be a little more complicated
because they might have won one of the minor prizes. Then
the answer might be other than a yes or no because the
question was not clearly stated.

Assume however that the person contributed to the
following purchases for the lottery. They bought one ticket
by themselves, purchased another ticket jointly with a friend,
joined with their card or hunting club to purchase another
block of tickets, and belonged to a 500 member company
union that purchased a block of tickets for the combined
membership. Now how does the player answer the question
“Did you win?” A simple yes or no does not suffice. If they
won with their individual ticket, the answer is definitely
“Yes”. If none of the tickets won any money, the answer is
definitely “No”. But what is the answer if one of the other
tickets, in which they had an interest, won. Instead of a “Yes”
with value one or “No” with value zero, would they give an
answer of “Half” with value 0.5 if the half owned ticket won.
Would they give the answer one 500th if one of the union
tickets won? In these cases the answer has to be some type
of answer like the above fractions or “Maybe” or “Sort of”
or some answer between “Yes” and “No”.

This type of reasoning is included in the new
mathematical fields of fuzzy logic, fuzzy set theory, or fuzzy
probability. Although the fields sound very abstract and new,
many new household appliances and cars are using this logic
in their circuits. Some new air conditioners and heaters judge
the need for cooling  or heating from the temperatures both
inside and out and run at a more economical reduced power
if that is all that is needed. Soon washing machines will be
able to judge from the amount of dirt in the water whether to
do an extra rinse or wash longer. The cars of tomorrow may

have a sensor to sense the distance to the car in front and
automatically adjust the car’s speed depending on its distance
and speed. The car’s circuit will be able to react faster than
is possible for the driver. Camcorders and other cameras now
read the distance to the object whose picture is being filmed
and adjust the focus automatically. New high definition TVs
judge the picture quality and adjust the controls automatically
as the show progresses. You may be able to see the knobs
turning automatically if knobs are on the TV.

Although the electronics industry is making great progress
using this theory, there are major applications to other fields.
The area of deciding when a fetus is a person is a fuzzy
question. Some groups use the binary logic system where
the life of a fetus changes from a “No” to a “Yes” at the
moment of conception. Others give a more fuzzy answer
depending on many variables. Similarly the problem of
deciding when a critically ill person is dead is a fuzzy logic
decision depending or many variables including whether
there is any hope of recovery or if the person is brain dead.
Even the simple decision of whether an employee is doing a
satisfactory job is often a fuzzy decision that  requires a
“Maybe” or “With reservations” instead of a simple “Yes”
or “No” answer.

This new field has exciting possibilities not only for
technology products but also in many ethical and social fields
and should be incorporated into the tools used by individuals
and students as they prepare for the third millennium. The
mathematical theory is here and is being developed more
fully but society must decide where and how to put this new
thinking into practice.

References:
Kosko, Bart. Fuzzy Thinking, Hyperion, 1993.

Kong, S. and B. Kosko. “Adapted Fuzzy Systems for
Backing up a Truck-and-Trailer,” IEEE Transactions on
Neural Networks 3, no. 2(March 1992).

Pacini, T. S. and B. Kosko. “Adapted Fuzzy Systems for
Target Tracking.” Intelligent Systems Engineering 1, no.
1(1992).
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Intermediate Ideas
BY CAROLYN WEINGARD

ABINGTON SCHOOL DISTRICT

The Paper Throwing Project
F or generations, paper airplanes have soared across

classrooms to the delight of many students and the
frustration of their teachers.  However, what if we could

turn this aerodynamic annoyance into a highly motivational
mathematics activity?  That is exactly what the Everyday
Mathematics Program did in its sixth grade Paper Throwing
Project.  Not only do students test, monitor, and evaluate
paper airplanes, but they also practice measuring and drawing
angles, organizing test data, and identifying landmarks.  In
addition, students develop skills to copy a plan and follow
detailed directions.  Now sit back, fasten your seatbelts, and
enjoy the flight while you learn how the Paper Throwing
Project works. This project can be completed in four days.
A large area, such as a gym or corridor (at least 50 feet long)
is required for Days 1, 2, and 4.  A strip of tape is placed on
the floor to designate the baseline from which all throws are
made.  Students are divided into groups of 3 or 4.

The following materials are needed:
•100 sheets of 8.5” by 11” paper
•50 foot tape measure
•protractors and rulers
•one tape measure or yardstick per group

Day One
On the first day, students are instructed to throw sheets

of paper folded in a variety of ways and to examine the effects
of shape and surface area on the distance thrown. (Actual
airplanes will come later.) The teacher draws the following
chart on the chalkboard.

Class Distances

Students are asked, “How far do you think you can throw
a piece of paper?” After sharing their guesses, groups begin
the paper-folding activity.  Each group needs six sheets of

paper, sticky tape and a tape measure or yardstick. They also
receive these instructions.

· Leave one paper unfolded

· Fold one paper in half

· Fold one paper in half two times

· Fold one paper in half three times

· Fold one paper in half four times

· Fold one paper in half five times

Tape may be used to secure the edges of the folded sheets.
Use no more than three inches of tape for each folded piece.
Write the number of folds on each of the folded pieces.  For
example, if a paper were folded in half four times, a big “4”
should be visible on the folded sheet.  Each of the six papers
is thrown three times from the predetermined baseline and
all distances are recorded. Throwing styles may vary
depending on the number of times a paper is folded.  Some
students may prefer the overhand or Frisbee throws. When
the groups are finished, students enter their greatest distance
for each fold in the table of Class Distances on the
chalkboard.  The results are discussed. By the end of their
discussion, students should conclude that air either resists
or assists forward motion of the paper, depending on how
the paper is folded and how the paper is thrown.

Students then find the maximum, minimum, and median
for each of the six papers and fill in a Table of Landmarks
for Distances (see page 13). Notice that the bar on that page
is similar to a vertical “box and whisker” plot. At the end of
Day One, students are instructed to design a paper airplane
that will fly the greatest possible distance.  Directions are as
follows: “The plane must be an original design. It must be
an 8.5 in. by 11 in. paper of normal thickness (not
construction paper).” The plane is assembled by folding,
cutting and taping.  Only three inches of tape are allowed,
but this tape may be cut into any number of pieces. No glue,
string, paper clips or other materials may be used.  (Students
may need more than one day to complete this assignment.)

(continued on next page)
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Day Two
On Day Two, students are ready to test their original

designs to determine the three that will fly the farthest.  Each
airplane is thrown once by its owner. Once a plane is thrown,
it is not picked up until all the planes are thrown. There will
be approximately 20-30 planes on the hallway floor at
varying distances from the baseline.  Student helpers push
each plane to one wall keeping the same distance from the
baseline, thus creating a “line
plot” of planes.  It is now
possible to identify the
maximum, minimum and
median as well as the three
longest flights.  The distances
are measured to the nearest
foot. (Be sure to save the three
winning airplanes for Day
Four’s activity.)

Day Three
On Day Three, students

make a second paper airplane
but this time they use a prize-
winning design.  First the class
reads an article about “ The
First International Airplane
Competition” conducted by
Scientific American magazine.
They learn about a design
made by Louis Schultz, the
nonprofessional winner in the
distance category.  The Schultz
plane flew a distance of 58
feet, 2 inches.  On Day 4,
students will pit their three best
original designs against the
three winners of a Schultz
design test.

The Schultz design is presented as an accurate scale
drawing that is less than 50% of the required size.  Each
student copies the design and enlarges it to fit on an 8.5 by
11 inch sheet of paper while maintaining all of the angles
and ratios.  Some students will need assistance to draw 45
degree and 82 degree angles that use an edge of the paper as
one of their sides.  After the design is copied, students
assemble their airplanes, folding them as precisely as they
can. Assembly instructions for the Schultz design may be
found in the Everyday Mathematics Student Reference Book
or The Great International Paper Airplane Book by Jerry
Mander, George Dippel and Howard Gossage.

Day Four
Students begin today’s activities by testing their Schultz

design airplanes to determine the three farthest distances.
This is done in a similar manner to the student-designed
airplane testing on Day Two.

When the results are in, the “showdown” begins.  The
three best student-designed planes are ready to challenge
the three best award-winning models.  Each plane is thrown

only once.  After the last
plane is thrown, each plane
is measured for distance to
the nearest foot from the
baseline and recorded.  The
winner is announced.  Once
again students are instructed
to draw another bar graph,
similar to the one on
Graphing the Test Data (see
page 13), showing the
distance traveled by each of
the airplanes.  The results are
analyzed and discussed.

The Paper Airplane
Project lends itself to a
number of extensions and
variations.  The Great
International Airplane Book,
alone, has at least twenty
different models to explore.
When I searched the Internet
for information on paper
airplanes, I stumbled across
many interesting possibilities
including Ken Blackburn’s
Paper Airplanes Homepage.
Ken Blackburn holds the
Guinness world record for the

paper airplane with the longest time aloft indoors. His record,
as of 1998, is 27.6 seconds. Instructions to make this model
are on the website. Why not challenge your “flight engineers”
to beat Blackburn’s record?  For another interesting twist,
ask parents to create their original paper airplane designs
and pit them against your best student designs?  No matter
how you do it, your class will be “flying high” with the
Everyday Mathematics Paper Throwing Project.

(Journal page 185 on the facing page and the Schultz
design above are reprinted with permission from the
Everyday Learning Corporation.)



PCTM Magazine 13 Winter 2000

Weingard Worksheet
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The World of Mathematics:
Excursions for Students
BY CRAIG MEROW

GERMANTOWN ACADEMY

From German Ciphers To Pure Mathematics
D uring the Battle of Britain (1940-1944), the

German Luftwaffe dropped over 190,000 tons of
bombs on English cities.  Despite the destruction

and heavy civilian and military losses, the indomitable
British refused to negotiate with the Third Reich.

German military communications were encoded on
a machine known as Enigma.  If the code could be
broken, the time and position of German attacks would
be known.  To accomplish this, a group of
mathematicians was brought to Benchley Park in
Buckinghamshire, England.  One of these men was Peter
Hilton.

Peter had just completed an accelerated “war-time
degree” in mathematics.  At Benchley Park he worked
closely with eminent mathematicians such as Henry
Whitehead and Max Newman.  Under the leadership
of Alan Turing they achieved their goal; the German
code was deciphered!

With the code broken, the Allies were privy to the
daily communication between the German High
Command, its air force, ground forces, and U-boats.
Winston Churchill called this success “Britain’s secret
weapon.”  Many historians feel that it was decisive in
the defeat of Germany (Hilton 1984).

The science of writing coded messages, called
cryptography, and the science of deciphering code, or
cryptanalysis, have a long history.  Military plans and
sensitive diplomatic information have been sent in code
since the time of Julius Caesar (100?-44 B.C.).

Recently, with the growing use of computers in
banking and commerce, it is becoming more and more
important to devise ways to make electronically stored
information secure. Today, cryptography is of great
interest to bankers and businessmen as well as to
generals and secret agents (Luciano and Prichett 1987).

When Peter Hilton was a boy he never dreamed that
someday he would find himself working with famous
mathematicians to break an enemy code.  He didn’t
realize that he was especially fond of mathematics until
an automobile accident sent him to the hospital.

When Peter was ten years old, a boy at school
snatched his cap and ran across the street.  Peter ran
after his tormentor and right in front of an oncoming
Rolls Royce.  As a result of his encounter with luxury,
he spent a number of weeks in the hospital with a cast
up to his waist.

Peter amused himself by solving mathematical
problems on the white plaster cast.  Each morning he
would erase the work from the day before and begin a
new set of calculations.  He enjoyed his problem solving
sessions, and was even annoyed when interrupted by
visitors who had come to wish him well.  Peter’s mishap
gave him the opportunity to discover an interest and
passion that would become a life-long source of
enjoyment, a creative outlet, and a successful career.

After his hospital stay Peter worked hard at
mathematics in school, at the university, and at Benchley
Park.  At Benchley he became good friends with the
Oxford mathematician Henry Whitehead.  After the war
Whitehead asked Peter to return to Oxford with him as
a graduate student.  Peter accepted the offer and
completed a M.A. and D. Phil. at Oxford.

Dr. Hilton then began a career in teaching and
research at universities in England and the United States.
He is currently a professor of mathematics at the State
University of New York at Binghamton (Hilton 1985).

Peter Hilton continues to find pleasure in the
application of his considerable analytic skills.  The mind
that once puzzled over German ciphers now finds
stimulating exercise in pure mathematics.
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Exercises
1. Read “Introduction: Mathematics - A Universal Language,” in Mathematics: A Human Endeavor, and do the exercises

at the end of the section.

2. To find out more about the breaking of the German code read Alan Turing: The Enigma, by Andrew Hodges.

3. Much has been written about cryptology, the field of study which includes both cryptography and cryptanalysis.
Several books and articles about this field are listed in the References.  Some of the systems of secret writing found in
these sources are quite simple (and easily deciphered). Others involve sophisticated mathematics.  Learn about one of
the codes discussed in Codes, Ciphers and Secret Writing, and explain it to your class.

4. If you would like to investigate the modern systems used to protect information stored in computers, you will first need
to learn a little number theory.  A reading of Oystein Ore’s little book, Invitation to Number Theory, should be sufficient.
Pay particular attention to modular arithmetic and Fermat’s “little theorem.”  With this material mastered, any of the
sources listed in References can be read with understanding.
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For the Teacher
1. Jacobs presents students with an imaginary, coded message from outer space.  The exercises are elementary, but

will be found intriguing by many students.
2. The story of Turing’s life is a tragic one.  Turing was a homosexual.  When this was discovered after the war,

Turing was arrested and charged with committing “an act of gross indecency.”  While he was not imprisoned, he was
forced to undergo hormone treatments and was not permitted to continue his work with the British secret services.
Two years later Turing committed suicide (Hodges 1983).
Hodges’ book may not be deemed appropriate for younger students in some communities.

3. & 4. A numerical example of the operation of a public-key cryptosystem can be found in Egsgard, et al. 1987.  A deeper
understanding of the concepts involved will require a considerable amount of work for an algebra one student.  For a
student with ability and enthusiasm, however, this could be an excellent project.
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The Rosita Incident
BY MARGARET M. DECKMAN

ROMAN CATHOLIC HIGH SCHOOL

PHILADELPHIA, PA
“...if you ever want to see your precious little Rosita again, you must pay a ransom of four triple A batteries...”

Such was the anonymous message I found while checking
my e-mail one evening.

In the effort to explain radian measure, of itself and in its
relationship to degree measure, I had invented Rosita la
Cucaracha to walk the circumference of a unit circle in radian
measure.  (Cucaracha is the Spanish word for cockroach.)
Originally, I was imagining a creature that could be seen
while walking a line on a blackboard; with the arrival of  the
graphing calculator, I gave the name to Texas Instruments’
tracing cursor, a square with a line extending from each
corner.

Rosita, I explain to my classes, had been seriously injured
in an accident involving a Roach Motel, during which she
lost two legs.  (This is why there are only four lines extending
from the square.)  She had been taken to the pound to be
destroyed, but I rescued her and trained her to trace curves.
When she tracks a circle, she uses radian mode, and the
measure of her journey is displayed on the screen as she
goes, along with the sine and cosine of that measure.  One
can imagine that, as she walks the circumference, she is
attached to the center by a lunge line that sweeps through
360 degrees as she travels 2π radians.

To see Rosita in action, put a TI in radian and parametric
modes. On the [Y=] screen, store sin T as Y1T and cos T as
X1T.  Set the window so that Tmin = 0, Tmax = 7, Tscl =
0.1.  Using Xmin = -3, Xmax = 3, Ymin = -2 and Ymax = 2
yields a circle that can still be seen in its entirety even when
the calculator is in trace mode.

Graphing and then tracing the circle yields a display with
X1T as the first coordinate of Rosita’s current position, Y1T
as the second coordinate, and T as the radian measure from
starting point (1,0).

Rosita at 1.2 radians
from (1,0):

I occasionally receive e-mail from members of our all-
male student population; it’s not unusual to be interrupted
online with a good-natured instant message.  One of my more
adventurous students - still unidentified, but I have my
suspicions - sent the ransom note.

The message said that Rosita la Cucaracha was no longer
at Roman Catholic High School for Boys, but had been
replaced by Bob the Cockroach, who was also very highly
trained.  I was to tell all my students about the note, after
which the kidnapper’s contact would get back to him, and
arrangements would be made to release her.  I was to take
good care of Bob in the meantime.  (I’m certain that the
culprit wasn’t thinking of our disciplinarian, Bob O’Neill,
when he named the critter, although Bob isn’t so sure.)

When a student is determining an arc length with
reference arc 0.631, say, that is to end in the second quadrant,
he can imagine Rosita walking π radians, then backing up
0.631 radians to the end of the arc. (Because of the nature of
her injuries, she cannot turn around, but must move in
reverse.)  To generate an arc in the third quadrant, Rosita
moves π and then another 0.631 radians.   An arc ending in
the fourth quadrant is determined by walking Rosita 2π
radians and having her back up the 0.631.

If the situation involves degree measure, the students
concentrate on the movement of the line that would connect
her to the circle’s center.

My response to the ransom note was to announce to all
my classes that the kidnapping was a hoax, Rosita was safe
and sound, and I was paying no ransom.

Life as a high school teacher is not without its little
surprises.
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Elementary Endeavors
BY MARY ANN STARKEY

WEST BRADFORD ELEMENTARY

Math Outside of Math Class

My first grade math class may only last from 12:20 to
1:15 daily, but math is incorporated throughout the
day in the life of the primary student. There is so

much math that these children experience, even outside of
math class!

The day begins with the marking of our calendars. The
students mark a traditional calendar and then focus on our
thinking calendar. Each month has a special system for
denoting the day’s date. The students must break the code
and then determine the appropriate piece to place on that
specific date. The systems for this year are:

September—apples with stickers—each sticker equals
one day.

October—jack-o-lanterns with tally marks .
November—turkeys with addition problems.
December—trees with gold balls and stars-the gold

balls equal ten, the stars equal one.
January—snowmen with squares, circles and

triangles—squares are 10, circles are 5, triangles
are 1.

February—hearts with letters of the alphabet—
a=1,e=5

March-shamrocks with a combination problem—
3+3-1=5

April—umbrellas with Roman numerals
May—flowers with paper money
June—bears with ordinal number words—first,

second, etc.
My students also sign up for lunch. They have a selection

of four or five main courses to choose from. The students
place their names under their choice for the day. We then
determine how many students are buying their lunch
(5+2+3=10). This also makes an interesting daily graph. The
students also determine how many students are not buying
their lunch (10+?=23).

When I was walking past the art room, I heard my students

having an animated discussion about symmetrical and
asymmetrical drawings with their art teacher, Mary Fran
Giunta. She was describing the differences between the two
terms symmetrical/asymmetrical. Using a paper circle she
demonstrated the ways to fold and create a symmetrical
design. She then explained the project to the students—they
were to the design symmetrical wheels for their pictures of
vehicles.

Mrs. Giunta then explained that second graders were
folding paper and creating a symmetrical bed design. The
bed would be covered with a patterned quilt design.

As I walked past the art room, I saw all the kindergartners
looking out the window. Mrs. Giunta was leading them into
a discussion about perspective. The kindergartners were
measuring the evergreen trees with their hands. They
discovered that they could place an evergreen tree between
their hands by placing one hand at the top and another hand
at the bottom. They knew that the tree was really bigger . A
discussion brought forth the concept of distance from an
object makes the object look smaller. Mrs. Giunta continues
this theme of perspective throughout the grades. First graders
learn about foreground, middle ground and background while
fifth graders study one and two point perspective.

Mrs. Giunta also teaches about proportions about the face.
Students measure their faces with their hands and discover
that their eyes are actually half way down their head and
their mouth is one third from the  nose to the chin. When
drawing the human body, Mrs. Giunta points out that an adult
is about seven and a half heads high and a child is four heads
high.

My students were all excitedly discussing their team
scores as they filtered back into the room from Physical
Education class. Michael Petersen and Marcia Papson, our
Physical Education teachers, had just taught them an exciting
game called, “Barrel Roll.” This game is a culminating
activity to the throwing and catching unit. The P.E. teachers
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had set up various targets around the gymnasium. Each target
is worth a specific number of points. The students on each
team must keep track of the team’s score. At the end of each
round, Mr. Petersen or Mrs. Papson would quiz the students
about their team’s score. (A team has knocked down 3 ten
pins worth 5 points each and threw 7 balls into a barrel worth
one point each, 5+5+5+1+1+1+1+1+1+1=22)

Mr. Petersen enjoys teaching the unit titled, “Fundamental
Movement and Dance.” Mr. Petersen calls the name of a
shape. The students create this shape with their bodies. By
creating the shape, the students really feel the differences in
the shapes.

Another activity is called, “Clay and Sculpture.” Students
work in pairs. One student is the clay while the other is the
artist. The artist molds the “clay’s” body into various poses
to create the shape the teacher has said.

Music class in the primary grades is very active. It begins
with lots of clapping, stomping, singing and excited voices.
As the students progress through the year Valerie Crescenz
explains about note values. My first graders are learning
about note values. My students are learning how to group
beats into a measure using popscicle sticks as the value for
each note. Valerie has the students create note pictures using
popscicle sticks. Valerie will determine the number of beats
in a measure-the  students will then create note pictures. One
popscicle stick equals one quarter note, two eighth-notes
beamed together equal one beat, or a quarter-rest (which they
write as a Z) equals one beat.

As they progress throughout the years, Valerie introduces
them to her “beat bucks”. The musical money breaks down
in value to:

$1.00 = one beat

0.50 = a single eighth note

0.25 = a sixteenth note

The introduction of beat bucks is a great way to teach
fractions in third grade.

During the course of a day, primary students are
surrounded by math activities. They utilize math throughout
their day in all curriculum areas. Math surrounds the students!

Submissions Solicited For PCTM Magazine
Theme Issue: Recreational Mathematics

You are invited to submit articles for consideration for publication in the PCTM Magazine.  This publication, which is
published and sent to the membership of PCTM three times each year, provides an excellent opportunity for you to share your
ideas with the ever-growing number of colleagues dedicated to improving mathematics education in Pennsylvania.

Any topic of interest to teachers of mathematics is suitable subject material. The theme for the upcoming issue is Recreational
Mathematics. Submissions intended for consideration for the next issue must be received no later than April 7, 2000.  Submission
may be made by mailing a 3.5" disk (plain text format, either Mac or IBM) and including a printed copy of your article.  Any
graphics and tables should be camera-ready; or better, they can be submitted as separate graphics (TIF, PICT or BMP formats) on
disk.  Be sure to include an e-mail address if possible and home and work phone numbers.  Send your submission to:

Kevin DeVizia, Editor
PCTM Magazine

PO Box 478
Millrift, PA 18340

e-mail: kdevizia@ptdprolog.net

Discrete Math Summer Institutes
for Elementary School Teachers

The Leadership Program in Discrete Mathematics will conduct
its twelfth annual summer program in 2000 for K-8 teachers,
featuring a two-week residential institute at Rutgers
University, New Brunswick (NJ), during June 26 - July 7.
Participants will be expected to attend follow-up sessions
during the school year and a follow-up institute during the
summer of 2001. Graduate credit will be available. Teams of
teachers in schools or districts are welcome to apply. Funding
by the National Science Foundation provides for all costs of the
institute. Participants will be expected to assume leadership
roles in bringing discrete math to their classrooms and schools,
and in introducing colleagues to these topics.
For information: bonnie@dimacs.rutgers.edu; 732-445-4065;
Leadership, P.O. Box 10867, New Brunswick, NJ 08906;
http://dimacs.rutgers.edu/Education/k8/k8.html
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yields the unifying equation seen in all introductory astronomy
texts:

              m - Mv = 5 + 5 log10d (ii)
Ask your precalculus students to derive this formula on their

own given the above preliminary information. This exercise will
demonstrate:

•the use of logarithms to incorporate a very prevalent law of
nature

•how mathematics can compute values that are not directly
measurable

•that the number 5 in (ii) appears simply because of choices
of Hipparchus.

Equation (ii) is derived by the following argument: Let I stand
for the intensity of light received from a given star at a distance d
in parsecs and Is for the intensity we would receive if it were at
the standard distance of 10 pc. Thinking of these as intensities
received from two different sources, we get
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Applying the definition of logarithm then gives us equation
(ii). Clearly, the choice between equations (ii) and (iii) depends on
the given information and what you are trying to find.

Example 2Example 2Example 2Example 2Example 2
The star Spica is close enough to determine its distance by

measuring its parallax shift as Earth orbits the sun. It is 67 pc
away and has m = 0.91. Hence, its absolute magnitude is,

                   Mv  =  0.91 + 5 - 5 log10(67)  =  3.2  .
On the other hand, Rigel is known to have Mv = 7.1 and m =

0.14 . So,
                  d  =  10

1+(0.14 -  (7.1))/5
    =  10

2.45
   ≈  280 pc .

(In practice, the amount of light received from a star can be
affected by clouds of intervening interstellar gas and dust. This in
turn affects the accuracy of the m value, leading to discrepancies
which astronomers must take into account.)

Since equation (iii) gives distance as a function of apparent
and absolute magnitude, what we require is a means for
independently determining the Mv of a star. (m is always readily
measurable.) Of course, figuring out the intrinsic brightness of a
star is a tricky business in itself. A star shines due to the energy
produced at its core by the fusion of hydrogen into helium. A tug-
of-war between the outward pressure caused by the radiation of
this energy and the inward pull of gravity causes some stars called
variable stars to pulsate in brightness over regular intervals of  time.
A classic example is the class of so-called Cepheid variables,

named for the original member star, Delta Cephei. The light
variations of these giant stars are quite regular, having periods
ranging from 1 to 60 days. The graph of brightness as a function
of time given in Figure 2 (called a light curve) is typical of a
Cepheid.

Why do we care about these variable stars (you may ask)?
Well, in 1912 the astronomer Henrietta Leavitt of Harvard
Observatory conducted a study of hundreds of Cepheid variables
in a neighboring galaxy and made the profound discovery that the
brighter stars have the longer periods. Although Leavitt only knew
the apparent magnitude of her sample stars, a few years later Harlow
Shapley was able to recast this relationship into a connection
between the absolute magnitude of a Cepheid and its period. Just
as large bells resonate deeper and longer when struck, the larger
(and therefore more luminous) Cepheids pulsate more slowly. By
shading in the region encompassing the ordered pairs (p, Mv)
associated with the sample stars we get a (rather thick) curve giving
us the approximate graph of the relationship, shown in Figure 3.
This is known as the period-luminosity relation. Once you locate
a Cepheid variable, you simply measure its period p by graphing
its light curve, determine Mv by using the period-luminosity
relation and then substitute that value and its average m into
equation (iii). Note the beautiful use of mathematics here to
determine a value which is impossible to measure directly. We
can compute the distance to a star just by relying on the facts that
Mv is a function of period and distance is a function of m and Mv.
Figure 3. The period-luminosity relation of Cepheid variable stars.

Example 3Example 3Example 3Example 3Example 3
Careful observation of a Cepheid variable star reveals that it

reaches its peak brightness every 9 days. If its average apparent
magnitude is m = 5.5, how far away is it?

Judging from Figure 3, a period of 9 days for a Cepheid
corresponds to an approximate absolute magnitude of Mv = 3.
Therefore,

d  =  10
1+(5.5  (3))/5

   =  10
2.7

   ≈  500 pc.

Figure 2.  The graph of brightness vs time is known as a
light curve. This light  curve is typical of a Cepheid variable.



PCTM Magazine 21 Winter 2000

Additional Exercises
1. By what factor is a star of apparent magnitude 0.48 brighter than a star of apparent magnitude 3.61?  [Ans: 17.9]

2. Canopus has apparent magnitude m = 0.72. Pollux has apparent magnitude m = 1.16. Determine the brightness ratio of Canopus to
Pollux.  [Ans: 5.65]

3. If a magnitude 1.2 star is 100 times brighter than another star, what is the apparent magnitude of the second star?  [Ans: 6.2]

4. If m  Mv > 0 for a particular star, is the star closer or farther away than 10 pc? [Ans: farther] What if m  Mv  < 0?  [Ans: closer]

5. Use equation (ii) to verify that a star 10 pc away has equal apparent and absolute magnitudes.

6. Star A has apparent magnitude m = 3.5 and d = 16.3 pc. If star B is farther away at a distance of d = 50.9 pc, yet is brighter at m =
2.4, what can account for this? [Ans: Star B has a greater intrinsic brightness.] Find the absolute magnitudes of both stars. [Ans: A,
2.4 ; B, 1.1]

7. Fill in the distances to the stars in the following table. [Source: Horizons by Michael Seeds, Wadsworth, 5th edition, 1998]

Star m Mv Distance (pc)
Sirius 1.47 1.4 [ 2.7 ]
Arcturus 0.06 0.3 [ 11 ]
Betelgeuse 0.41 5.6 [ 160 ]
Aldebaran 0.86 0.7 [ 21 ]
Fomalhaut 1.15 2.0 [ 6.8 ]
Wolf 359 13.5 16.8 [ 2.19 ]

8. A Cepheid variable has a period of 3 days. If m = 3.4, determine its distance. [Ans: 120 pc]

9. A Cepheid variable has a period of 30 days. If m = 5.1, determine its distance. [Ans: 660 pc]

10. The following figure gives the magnitudes and distances of the stars in the “W”-shaped constellation, Cassiopeia. Note that the
distances are in light-years. (1 pc = 3.26 ly)

i) The stars Shedir and γ Cassiopeiae are the same distance from
Earth. Judging from their apparent magnitudes, which star must have the
greater intrinsic brightness? [Ans: Shedir]

ii) Do you need a formula to determine whether Caph or Shedir
is more luminous? Which is it? Why? [Ans: No. Shedir. It has about the
same apparent magnitude as Caph even though it is much more distant.]

iii) Determine the absolute magnitudes of Ruchbah and Segin.
Which has the greater intrinsic brightness? [Ans: Ruchbah, 0.52 ; Segin,
1.59 ; Segin]

Figure 3.  The period-luminosity relation of Cepheid variable stars.

Caph  m=2.27, d=45 ly

Shedir,  m=2.23, d=203 ly

γ Cassiopeiae,  m=2.57, d=203 ly

Ruchbah,  m=2.68, d=88 ly

Segin,  m=3.37, d=320 ly
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Producing a Successful Cooperative Learning Experience
in a Mathematics Classroom
BY CATHY JAMIOLKOWSKI

SELINSGROVE AREA MIDDLE SCHOOL

Several years ago I searched for a new classroom
strategy to spark the interest of my students. I had
been teaching seventh grade mathematics for

twenty years in an open space middle school. I needed
a strategy to keep the students interested in memorizing
many geometry terms before putting them to work with
real life problems. I thought about using groups or
teams. After discussing grouping and teaming with
several veteran teachers, I decided to research this topic
more fully. The Pennsylvania Department of Education
offers a week long summer institute to train teachers
on the latest educational techniques. Cooperative
Learning: An Introduction was one of the offerings. I
took the course thinking it would help me decide if using
groups to solve my dilemma was feasible. I found the
course to be extremely helpful. I studied the work of
three major researchers: Robert Slavin, Johns Hopkins
University; Roger and David Johnson, University of
Minnesota; and Spencer Kagan, University of
California. As I went through the course, not one single
expert’s methods met all of my needs. It took me several
years to develop a combination of the three methods to
the point that I could use it successfully in an open space
mathematics classroom. I encountered many obstacles
during the first two years. I ended up taking ideas from
each expert, combining them, and making them fit my
needs.  The following outline is the end product of my
experience with cooperative learning in the mathematics
classroom. I find my integrated system works well with
any age group.

Part 1: Role Of The Teacher
Cooperative Learning changes the role of the the

teacher from a lecturer or giver of information to a
monitor or facilitator. The teacher makes decisions on
objectives, group size and structure, arrangement of the

room, assignment of group roles, assurance of positive
interdependence, and individual accountability.
Preparation is the key to successful cooperative learning
groups.

Part 2: Getting Started
Cooperative Learning refers to a set of instructional

methods in which students work in small mixed ability
learning teams. The students in each group are
responsible for learning the material being taught in
class, but also for helping their teammates learn. With
these responsibilities in mind, grouping of the students
becomes a main concern. Grouping students in mixed
ability works best and is easily accomplished once the
teacher has data on the ability of his/her students. The
teacher should rank order the students from highest to
lowest ability level, taking the top, the bottom and the
two middle ability students on the list and making a
four member group. Then he/she takes the next top,
bottom and two middle level ability students and forms
another four member group. This procedure is repeated
until all students are in a group. Sometimes because of
the number of students it is necessary to form a group
of three or five. These odd number groups work as long
as they are mixed ability teams. The premise for this
mix is that the higher ability students will help the lower
ability children succeed. Students helping students frees
the teacher to be a monitor instead of a lecturer.

Part 3: Training Students
This part is a very important step and should not be

bypassed. I have found that teachers mistakenly
eliminate this step because of the time involved to
accomplish it. Middle level age students have different
needs than any other level. I feel that this system works
best if students are trained to work together much like
a coach works with his/her team. A teacher who
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bypasses this step usually spends more time disciplining
students for being off task. Students need to be trained
to work together cooperatively and quietly. This
program promotes good social skill development.
Students also need incentives to follow the rules. I spend
three-four class periods training the students to work
together.

Here are a few simple rules they must follow:
Rule #1 - All team members must participate in

each activity.
Rule #2 - No put-downs! Team members should

use words of praise and encouragement.
Rule #3 - Since students will be doing most

activities in the POD (open space room), it is
important that they do not disturb other classes.
Each team member should talk in a whisper
tone.  Only his/her team members need to hear
him/her. Only one person should talk at a time.

Rule #4 - It is important that each member do
his/her part to ensure the success of the team.

Rule #5 - The teacher will assign “Behavior
Flags” to the teams during the class period. A
Green Flag means that a team is working
successfully. A Yellow Flag means that a team
is not on task and if behavior is not corrected
the team will receive a red flag. A Red Flag
means a team has chosen to continue to ignore
the rules and the members must work
individually for that period.

These rules should be practiced for three or four class
periods. I found doing several “Brain Storming”
activities with the groups before working with the
geometry terms works best. The students feel less
pressure and concentrate on learning and following the
rules. The first activity is one I learned from my
Cooperative Learning instructor. The students really
enjoy the challenge it presents. Teams are asked to come
up with as many uses as possible for a sock. The uses
may be as creative as possible but still be appropriate
for the school setting. The example I always start out
with is a puppet. Teams are given three minutes to brain
storm a list. The team is asked to choose a recorder
who is responsible for logging all ideas. The teacher
scans the room for desired behaviors and rewards teams
with a green flag. Unwanted behaviors are corrected

simply by giving yellow flags. The teacher should
quietly remind students of the rule that was not followed.
The teacher continues to scan the room exchanging
yellow flags for green ones as behavior improves or for
red ones if behavior deteriorates. Each team is asked to
choose a reporter to read their list aloud. Teams are then
given two additional minutes to add more ideas to the
list. The teacher continues to scan the room for desired
behaviors . At the conclusion of the class activity each
team that has a green flag is given a bonus point to be
added to their final team average. It is amazing how the
students will work together to receive the green flag
good for one bonus point. The teams with the green
flags display them proudly. Middle level students
respond well to rewards which encourage appropriate
actions. A reward system is an intricate part of this
program. This system of rewards encourages quiet on
task behavior in the open space classroom. There are
many activities equally as good for this training period.
I particularly like Spencer Kagan’s People Hunt and
Getting Acquainted activities. These and other great
activities can be found in 61 Cooperative Learning
Activities, published by J. Weston Walch or Spencer
Kagan’s Cooperative Learning, published by Resources
for Teachers, Inc., 1-800-WEE-Co-OP.

Part 4: Instruction
Now that students have been grouped and trained to

work together, it is time to put their new skills to work.
Cooperative Learning Teams work best with
information that needs to be memorized or has several
steps. I find Cooperative Learning Teams work well
during the initial phase of my Geometry Unit.
Information is presented to the students by the teacher.
They are then given team time to work together to
accomplish a goal established by the teacher. Goals
should be very short term. I give them ten new words
to learn and memorize. The teams determine how they
will accomplish the goal for the day. Some of the teams
like to use the chalkboard for drill and practice, some
teams prefer to sit on the floor and read to each other,
while some teams prefer to drill each other by making
up mini tests. There are many different ways to
accomplish the goal. It really depends on the
personalities of the team members. During this time
the teacher scans the room for desired behaviors and
rewards with a green flag.

(continued from previous page)
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Part 5: Accountability
Teams need to know they will be held accountable

for knowing the information. “Numbered Heads
Together” activity is a great way to have team members
learn who knows the information without embarrassing
students. Each team member is given a number from 1
to 4. The teacher poses a question to all of the teams.
Think Time is provided so that students may put their
heads together, decide on the best answer, and make
sure everyone on the team knows the answer. At this
point students need to be told that if another team hears
their response they may use it. It is very important when
doing an activity like this that team members talk only
loudly enough for their team members to hear. The
teacher calls on one number to answer the question.
For example, the teacher says that all ones who know
the answer should stand up; then the teacher calls on
one of the students to answer. This activity increases
involvement and provides reinforcement for learning.
The teacher then knows if the information needs to be
retaught or perhaps more team time provided. A test
can be given at any time to check for understanding.
Many teachers make the mistake of using the team grade
as the individual grade that will go on the report card.
This method is not fair to all the children. They must
still be allowed to earn an individual grade that
accurately reports their progress.

Part 6: The Competition
When a test is completed and graded, each team is

responsible for figuring their team average. Each team
also adds any bonus points earned through the green
flags. The team with the highest average is in first place
for the week. The team in first place gets first choice as
to where their team would like to work. Providing this
choice is an added incentive to improve team scores. It
works particularly well if there is somewhere in the
classroom that is a popular place to work such as a locker

row, a stairwell, a floor section, or chalkboard. This
system seems to eliminate arguments over working
areas in the classroom and makes transition from
instruction time to team time much smoother. At the
completion of the Unit, as an added incentive, I give a
Pizza Party to the teams that end in first place.

Part 7: The Conclusion
There are several activities I like to do at the

conclusion of each unit. First, I ask the students to fill
out a reflection sheet. This sheet includes questions
about participation, goal accomplishments , decision
processes and team member respect. Second, I ask the
students to rate their experience with the team. Third, I
ask the students for suggestions about how I can make
this strategy a better experience for future team times.

Part 8: Reflections
I have taught this Geometry unit with and without

teams. It is remarkable how student scores improved
just by teaching them how to work in groups. The class
average went from a 78% to an 89% average. This study
certainly is not a scientific work but it convinced me
that using groups for this unit is very beneficial to all
students. Pennsylvania schools are now under a ‘School
To Work’ initiative. The number one skill needed in
today’s job market is interpersonal skills with
knowledge of group dynamics. Today’s job market
requires employees to work together. Employers have
found that teams get more work done and come up with
better ideas. I had an employer say to me, “You teach
them the basics and to work together. I’ll teach them
what they need to know for the job.” Cooperative
Learning Teams teach children how to work together
for a common goal. It teaches them conflict resolution
skills. Not only does cooperative learning groups
improve student scores, but it also prepares them for
the real world.

DATES AND LOCATIONS OF FUTURE PCTM MEETINGS

2001: Pittsburgh, Marriott and Holiday Inn Greentree, March 15-17, 2001.
General chair: Ron Harrell.  Hosted by MCWP, AMTONP, and LHMA.

2002: Philadelphia, March 14-16, 2002.  General chair: Rosemary Fogarty.
Hosted by ATMOPAV and BCCTM.
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PCTM Membership Form
Renewal / Address Change / Update / Application

(circle appropriate designation)

Name: _____________________________ Dr. Mr. Mrs. MissMs. Sr.

Preferred Mailing Address:

Street & Number: ________________________________________

City ___________________ State ______ ZIP _______

Home Telephone ______________________

Work Telephone ______________________

Position [  ] Student [  ] Teacher [  ] Dept. Head [  ] Other ______

Assignment Level _____________________________

Member of NCTM? [  ] Yes [  ] No

Member of a PCTM affiliated group? [  ] Yes [  ] No Name _______

Annual Dues $15.00, Three-Year Dues $40.00, Student Dues $5.00
Complete the above and send with payment to Membership Chairperson.
Make your check payable to PCTM.

Date: ______________ Signature: ________________________

Complete and mail to:

Mary Moran
PCTM Membership Chairperson

RD 1, Box 712
Canadensis, PA 18325
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IS YOUR INFORMATION CORRECT?
Please check these listings against your address label, and notify Membership Chair of any changes (see previous page).

Also, please check your membership renewal month and your address for accuracy.
Membership Codes

Code Description
N Member of National Council of Teachers of Mathematics (NCTM)
P Member of Pennsylvania Council of Teachers of Mathematics (PCTM)
A Member of Assoc. of Teachers of Mathematics, Philadelphia and Vicinity (ATMOPAV)
B Member of Bucks County Council of Teachers of Mathematics (BCCTM)
C Member of Pennsylvania State Association of Two Year Colleges (PSMATYC)
D Department Head
E Member of Eastern Pennsylvania Council of Teachers of Mathematics (EPCTM)
F Member Central Pennsylvania Mathematics Association (CPMA)
G College Professor
H High School Math Teacher
I Middle School Math Teacher
J Member of Laurel Highlands Mathematics Alliance (LHMA)
K Member State System of Higher Education Math Association (SSHEMA)
L Member Luzerne County Council of Teachers of Mathematics (LCCTM)
M Member of Math Council of Western Pennsylvania (MCWP)
O Administrator
Q Member of Northeastern Pennsylvania Council of Teachers of Mathematics (NPCTM)
R Retired
S Member of Pennsylvania Council of Supervisors of Mathematics (PCSM)
T PCTM Committee Chair
U Full-tme student having never taught
V Math Supervisor
W Member of Association of Mathematics Teachers of Northwestern Pennsylvania (AMTONP)
X Member of PCTM Executive Board
Y Elementary School Teacher
Z Member of Northcentral Pennsylvania Council of Teachers of Mathematics (NCPCTM)

○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

Happy Endings
A Fond Farewell . . .
This issue of the PCTM Magazine brings to an end my tenure as Editor. During the five years I’ve served in
this capacity, I’ve had the pleasure of working with, and for, a wonderful group of dedicated professionals,
focused on the admirable task of improving mathematics education in this commonwealth.

With this in mind, I wish to give my thanks to all those who have contributed to this magazine over these five
years. I especially want to thank Mary Ann Matras, Craig Merow, Carolyn Weingard, Mary Ann Starkey,
Carolyn Marchand, Don Scheuer, Judy Brown, and Kimberly Orben, who have performed splendidly in their
roles as regular column writers, and Ken Lloyd, past Editor and PCTM President. You have not only made my
job easier, but also more fulfilling.

As of this writing, my successor has not been chosen, but I do expect that the PCTM Magazine will continue
to grow and to serve as an important medium for the exchange of good ideas. To each of you who have good
ideas for the teaching of mathematics (yes, that’s you!), please don’t keep them a secret. Take the time to
share them with others!

—Kevin DeVizia
    Editor, PCTM Magazine
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